We examine the nonideal behavior of real vapor in the context of the theory of noninteracting molecular clusters. The vapor is treated as a perfect mixture of clusters, which in equilibrium attain a distribution in size determined by formation energies G i , where G i is the energy required to form a cluster of i molecules from i molecules in bulk saturated liquid. A theory for the G i gives an equation of state that captures the nonideal behavior of the vapor; conversely, equation of state data provide a validation of the theory.
Introduction
In the 1930s, J.E. Mayer 1] showed that a gas of neutral molecules can be formally decomposed as an ideal mixture of mathematical clusters of all sizes. He derived the following expression for the equilibrium distribution of clusters in a vapor at or below its saturation point: m i = b i z i (1) Here, m i is the average number density of mathematical i-mers (clusters containing i molecules), b i is the cluster integral for i-mers, and z is the activity or fugacity. The cluster integral b i is determined by evaluating a 3i-dimensional integral that grows in complexity with increasing i. Assuming that the intermolecular potentials have a nite range that is much less than the lateral dimension of the system, the integrand in the expression for b i vanishes outside a 3i-dimensional region whose volume is much less than V i , where V is the volume of the system. As a result, b i is independent of V , depending only on T and the details of the close-range interaction energy of i molecules. The activity z depends on two independent variables (usually temperature and either pressure and density) and is for now an undetermined thermodynamic function. The cluster integral for a monomer, b 1 , is identically equal to one, so we can identify z as the number density of mathematical monomers in a vapor in equilibrium: z m 1 .
The equation of state of a vapor in equilibrium is given by Dalton's law for an ideal mixture of an in nite number of species, P = 1 X i=1 m i kT (2) each species corresponding to a size class of cluster. The total number density is
Suppose that the cluster integrals are known for a particular temperature T. For a given pressure P, one can, in principle, solve Eqs. (1) and (2) for z and substitute the result into Eq. (3) to obtain the isotherm in the (P,n t ) plane. Similarly, for a given density n t , one can solve Eqs. (1) and (3) for z to obtain the isotherm from Eq. (2) . Questions concerning the convergence of the power series in Eqs. (2) and (3) arise in the gas phase region (i.e., above the critical point), and when one uses the model to describe the liquid phase or determine the saturation point. See, for example, Hill 2 
], Mayer and Mayer 3], or Mason and
Spurling 4] for a discussion of these controversial issues. Although Mayer made certain restrictive assumptions in his original derivation of the cluster series, Eqs. (1)-(3) have since been derived under more general conditions 2, 3] . It is generally accepted that Mayer's theory is valid for describing a vapor at or below its saturation point 4] .
It is important to emphasize that Mayer's clusters are de ned purely in mathematical terms. Moreover, the cluster integrals are independent of V only when we can with negligible error cut o the long-range attractive tails of the intermolecular potentials.
In the late 1930's, Band, Bijl, and Frenkel 5, 6, 7] independently developed a statistical mechanical treatment of imperfect vapor based on the concept of independent physical clusters. This noninteracting cluster theory (NIC) makes an assumption that molecules that are closely associating with one another are, in fact, weakly bound. Each such cluster is treated as a thermodynamic subsystem (in internal equilibrium) and is assumed not to interact with any other cluster. If we let n i denote the average population of i-mers, the assumption of independence leads directly to Dalton's Law, P = 1 X i=1 n i kT: (4) When the clusters are in associative-dissociative equilibrium, the cluster populations assume steady state values n i given by n i = n s (S 1 ) i exp ? G i;s kT : (5) Here G i;s is the free energy of formation of an i-mer in saturated vapor, the work required to form the i-mer from i molecules of bulk liquid under saturated conditions, and S 1 is the monomer saturation, the ratio of the equilibrium monomer population n 1 to the population density of monomers in saturated vapor n 1;s . This expression retains the same functional form as in Mayer's theory: S 1 , proportional to the monomer population (analogous to Mayer's activity z), is a function of T and P or T and n t and is raised to the i th power, while n s exp(? G i;s =kT) is a function of T and i. We can therefore say that Mayer's mathematical clusters are physical to the extent to which b i (n 1;s ) i = n s exp ? G i;s kT (6) is valid. The accuracy of the NIC theory in describing real vapor is quite di cult to evaluate in general terms. At low temperature, the molecules or clusters do not have su cient kinetic energy to dominate the intermolecular attraction so that molecules that are closely associating with one another very likely are weakly bound together, and we can safely assume that Eq. (6) is accurate. As the temperature increases, the particle kinetic energy dominates the intermolecular attraction, and the probability of forming semi-bound states decreases. This e ect is clearly signi cant in the gas phase (T > T c ), where the mathematical i-mer concentrations can be negative 4]. The problem of physical clusters at high temperature has sometimes been handled by incorporating excluded volume corrections 6, 8] or by modeling the vapor or gas as a system of interacting physical clusters 2, 9] . In this paper, we assume the NIC theory to be valid in the vapor phase (T < T c ). As a result, near the critical temperature one should interpret the cluster distribution as being phenomenological in nature; we make no claims that, for example, snapshots of a unit volume of vapor at high temperature would reveal an average of n 3 trimers.
Mayer's theory of imperfect vapor is exact, but requires as input data the intermolecular forces between the vapor molecules, which are poorly known for all but the simplest molecules (e.g., argon). Even given precise knowledge of the intermolecular forces, the computation of the cluster integrals can be arduous, especially if one wishes to account for more than pairwise interactions. The NIC theory is approximate, but permits a quick computation of the vapor properties provided that one can obtain a suitable expression for G i;s that is valid for small i.
Even in a dense vapor, nearly all the molecules are monomers or belong to small clusters; hence the formation energies of the smallest clusters are crucial to developing an accurate equation of state in the NIC model. The lack of an adequate expression for G i;s at small i is the major reason why the NIC theory has rarely been used to describe real vapor; scientists in need of a reliable equation of state for high density vapor have traditionally utilized phenomenological corresponding-states relations, such as the Benedict-Webb-Rubin equation 10, 11] .
In homogeneous nucleation theory 5, 12, 13], the formation energy of the critical-sized cluster overwhelmingly determines the nucleation rate. For this reason, the problem of the formation energy of small clusters has primarily been a concern of homogeneous nucleation theorists. Most of the theories of homogeneous nucleation in supersaturated vapor that have been proposed make similar approximations regarding the kinetics of the nucleation process 13, 14] . They di er mainly in their treatment of the thermodynamics of molecular clusters, considered to be the major obstacle to deriving accurate nucleation rates. At low density, the nucleation rate|the rate of appearance of stable aggregates of the new phase|is dominantly determined by the thermodynamic properties of the cluster of critical size i . If i is large, the critical-sized cluster is well described as a stationary liquid droplet of macroscopic size. Modi cations to this approach become necessary as i decreases, and it is this issue that has captured the attention of many nucleation theorists. As i decreases, the droplet surface tension departs from its planar value. Internally, the droplet resembles bulk liquid less and less, until there is eventually no resemblance to a droplet; rather we are describing a molecular cluster with signi cant con gurational entropy as well as translational and rotational motion in the vapor 15]. Thus a primary goal of nucleation work has been to extend our understanding of clusters to increasingly smaller sizes.
A model for G i;s that is invalid for small i not only restricts homogeneous nucleation theory to large i , but to low density vapor in all cases. Homogeneous nucleation theory commonly makes the approximation that the partial pressure of the monomers equals the total pressure 5, 12, 13]. Corrections to this approximation are necessary at high density, requiring knowledge of the populations of all higher clusters; it is not su cient to be familiar solely with the critical-sized cluster. Because most expressions for G i;s are not valid at small i, it is impossible to accurately predict the populations of the smallest clusters, and therefore the monomer population. Most nucleation theories are therefore inappropriate for describing nucleation in imperfect vapor, or even ideal vapor if the critical cluster size is small. There are also serious di culties involved in measuring nucleation rates in dense vapor. Since nucleation in dilute vapor is a challenging problem theoretically and experimentally, there has been little e ort to tackle the even more di cult problem of nucleation in dense vapor 16, 17] .
We now outline the contents of the present paper. In Section I, we describe the NIC theory of Band, Bijl, and Frenkel 5, 6, 7] in general terms; i.e., we take no ideal vapor limits nor do we make any assumptions concerning the internal properties of the clusters. The NIC model treats a vapor as a gas of noninteracting clusters and leads to a distribution of equilibrium population versus cluster size based on the free energy of formation of a cluster, which we de ne precisely. We then describe the procedure to directly compute the equilibrium cluster distribution by reversion of a power series for S 1 , using either temperature and pressure or temperature and density as independent variables. We also brie y discuss the correspondence of the cluster series with the virial equation of state.
In Section II, we generalize the Dillmann-Meier modi cation 18, 19] of Fisher's semiphenomenological droplet model 20] (FDM) to describe real vapor in the context of the NIC theory. Although in its present form the FDM model requires some temperature-dependent functions as input data (namely the saturated vapor pressure, saturated liquid density, planar surface tension, and second virial coe cient), it is not extremely sensitive to these parameters, unlike in homogeneous nucleation, where the nucleation rate is exponentially sensitive to small variations in, for example, the surface tension. The saturated vapor pressure should be known to a reasonable degree of accuracy; for the other quantities, general corresponding states relations are adequate (at least for nonpolar uids) for equation of state applications. We have chosen to focus on the FDM model primarily because it is simple, yielding quantitative results with minor computational e ort. The simplicity of the model makes the success of its predictions even more compelling.
Dillmann and Meier used their model to compute homogeneous nucleation rates in low density supersaturated vapor. Early in their derivation, they assumed an ideal vapor chemical potential. As a result, they neglected a second-order term which makes a contribution to a quantity that they later needed (namely, the dimer surface energy correction factor 2 .). This error, which was rst noticed by Ford, Laaksonen, and Kulmala 21], had a serious e ect on the computed nucleation rates, diminishing agreement with experimental data.
One of Dillmann's and Meier's claims was that their ansatz for G i is valid for small i. However, predicting nucleation rates in low density vapor is not an adequate test of this assertion|the partial pressure of the monomers is nearly equal to the total pressure, while the critical-sized cluster contains more than several molecules; hence the nucleation rate is insensitive to the presence of very small clusters. Furthermore, their predictions were sensitive to the second virial coe cient, a quantity that is not known with great precision at low temperature. A superior test would be in predicting nucleation rates at elevated temperature and pressure, except that experimental data in this region is nearly non-existent; besides, homogeneous nucleation theory has other controversial elements that might cloud the comparison, being hard to distinguish from an inaccurate model for the free energy. Because the behavior of vapor at high density is sensitive to the presence of small clusters, equation of state comparison is a worthwhile test of a free energy model, especially considering the abundance of experimental pressure-volume-temperature data for a wide variety of substances as well as the scienti c and industrial importance of developing reliable equations of state.
In Section III, we test the equation of state derived from the generalized FDM model, as well as a modi cation of the FDM model recently proposed by Delale and Meier 22] . Speci cally, we compare the saturated vapor compressibility Z s to experimental values for benzene, n-hexane, noctane, iso-octane, and PP3 (a heavy uorocarbon), and we nd good agreement all the way up to the critical point. This equation of state compares favorably with some popular equations of state based on corresponding states. Since the cluster series is in e ect predicting virial coe cients, we compute the third virial coe cient and nd the variation with temperature to be similar and qualitatively correct for all of the substances. In the case of benzene and n-octane, for which a small amount of third virial coe cient data is available, the predictions agree with experiment within a factor of two.
I. The Equation of State of Real Vapor
The noninteracting cluster theory
The statistical-mechanical treatment of an imperfect vapor as a gas of noninteracting physical clusters was developed independently by Band, Bijl, and Frenkel 6, 7] , and is detailed quite well in Abraham's book 5]. A thermodynamic treatment of the NIC vapor is given by Katz and Blander 17] .
There are two aspects of the NIC theory that are often treated carelessly yet are crucial to deriving an accurate equation of state. First, the theory does not explicitly require knowledge of the i-mer formation energy; rather the formation energy is incorporated into the theory because it is more easily modeled. As a result, any reasonable de nition of the formation energy is permissible; however, there is a natural one that we will use. Second, the equilibrium population of i-mers is proportional to (S 1 ) i 16, 17] . At low density, it is safe to take S 1 S, but one should avoid making this approximation as long as possible, for dropping higher order terms too early in the analysis can lead to inconsistencies.
The NIC theory does not explicitly require knowledge of intermolecular forces, although such information in principle is used to derive the cluster formation energies. Given an expression for the i-mer formation energy, the procedure to determine the equilibrium cluster distribution is straightforward, involving the reversion of a power series for S 1 .
In its most general form, the NIC theory makes the following assumptions: 1. The vapor is an ideal mixture of clusters of all sizes (including monomers). 2. Each cluster is a subsystem to which we can assign a partition function. We neglect the nite volume of a cluster. 3. Each cluster is in internal equilibrium, its internal motion independent of the translational motion of its center of mass. 4. The vapor obeys classical (Boltzmann) statistics. The Gibbs free energy per unit volume of vapor is then 5] G(T; P; n 1 ; n 2 ; : :
where n i is the i-mer population density, n := P 1 i=1 n i is the total number of clusters, and n : (9) The Gibbs free energy is given by the sum of pure phase energies plus additional terms (one for each cluster size) which represent the entropy increase associated with the irreversible mixing of the clusters. The equilibrium cluster distribution is a law of mass action that arises from the associativedissociative equilibrium of the clusters. To derive the equilibrium distribution, we minimize G at constant temperature and pressure subject to the constraint of xed total density n t := P 1 i=1 in i . Equating the variation ( G) T;P to zero leads to i + @n t @n i = 0 (10) for each i, and we choose the Lagrange parameter to satisfy this equation for i = 1 (We use an overbar on any cluster population that equals its value in equilibrium, as well as on any derived quantity.). Evaluating @n t =@n i , i + i = 0; (11) so that = ? 1 . The constraint of equilibrium, not surprisingly, implies the equality of the chemical potentials, i = i 1 ; (12) remembering that i is the Gibbs energy per i-mer. Using Eqs. (9) and (12) in Eq. (7), G = n t 1 ; (13) implying that the chemical potential of the vapor, v := G=n t , is identically equal to the chemical potential of the monomer phase when the vapor is in equilibrium:
Equations (9) and (12) give the distribution of equilibrium cluster populations:
kT : (15) To proceed further with this model we need to know the properties of a reference state. The reference state is usually chosen to be the state of vapor-liquid equilibrium, the saturated state. A useful parameter is then the saturation S, the ratio of the total pressure P to the pressure P s of the saturated state at the same temperature. We assume that P s is a given function of temperature.
To express the equilibrium cluster concentrations in terms which relate to the saturated state, we rst take advantage of the fact that the \pure" i-mer states are ideal. Therefore, (14) and (9) v = o 1 + kT ln n 1 n ; (17) it follows from Eq. (16) (20) where the monomer saturation S 1 := n 1 =n 1;s . Notice that S 1 is a function of T and P or T and n t , and that for each i the factor n s exp h ?( o i;s ? i l )=kT i depends only on T.
In standard treatments of homogeneous nucleation theory 5, 12, 13], the equilibrium number densities are expressed in the form n i = K exp ? G i kT ; (21) where G i is regarded as the \work of formation" or \Gibbs free energy of formation" of an i-mer, its speci c form depending on the choice of the prefactor K, which is always independent of i. The form of Eq. (20) makes it natural to set K = n s , so that n i = n s exp ? G i kT (22) and
(23) With this de nition, G i represents the free energy of formation of an i-mer relative to bulk saturated liquid. Often K is instead chosen to be n 1 or n = P=kT, which alters the de nition of G i . Whether K is n s , n 1 , or n is not important, as long as the de nition of G i is consistent with the prefactor. Let G 0 i and G 00 i be the i-mer formation energies corresponding to the prefactors n and n 1 respectively; i.e., n i = n exp ? G 0 i kT ! (24) and n i = n 1 exp ? G 00
These formation energies are related to each other as follows:
G 0 i = G i + kT ln n n s = G i + kT ln S (26) and G 00 i = G i + kT ln n 1 n s = G i ? G 1 : (27) Evidently G 00 i is the work of formation of an i-mer relative to a monomer. Equation (27) implies that G 00 1 = 0, so there is no inconsistency in Eq. (25) . As an example, consider the classical droplet theory with our de nition of G i , Eq. (23). The capillarity approximation 5] is that o i;s ? i l = A i ; (28) where is the surface tension of a at liquid surface (in the presence of the vapor phase) and A i is the i-mer surface area. We take A i to be the surface area of a sphere of i molecules of bulk saturated liquid:
where n l (T) is the total number density of saturated liquid at temperature T. The ideal vapor approximation is S 1 S (i.e., all monomers). We then have G i = A i ? ikT ln S; (30) 
In an ideal vapor, n 1 = n, so we should have G 00 i = G 0 i , which is clearly not the case in Eqs. (33) and (34); in fact, these two expressions di er by A 1 , which means that there is a factor of e inconsistency in n i . The root of this apparent contradiction is in the ideal vapor assumption combined with the capillarity approximation. Setting n 1 = n is equivalent to assuming that G 0 1 = 0; i.e., A 1 is negligible, in which case e 1 and there is no inconsistency. If A 1 is signi cant, then one must be more careful in evaluating the i-mer surface energy. If one accepts the validity of Eq. (28), Eq. (31) follows in the low density limit, leading to an expression for the classical nucleation rate that di ers from the original expression by a factor of 1=S, not a factor of e =S, as Girshick and Chiu 24] have suggested.
Computation of the equilibrium cluster distribution Equation (23) (35) as the work required to form a cluster from i molecules of bulk liquid under saturated conditions. Given an expression for G i;s , we now describe the procedure to compute the equilibrium cluster distribution.
First de ne the quantity i , a dimensionless function of temperature:
i := exp ? G i;s kT : (36) From this de nition and Eqs. (22), (23) , and (35) we derive the following form for n i : n i = n s i (S 1 ) i : (37) Evidently, i is the fraction of the clusters in saturated vapor that are i-mers. Dividing (40) Suppose that the independent variables are temperature and pressure. Then S is a known quantity, so in order to compute the n i we need to invert this power series to solve for S 1 . If we x T and let S go to zero (i.e., let P vanish), 1 remains xed while S 1 ! 0, since the monomer population vanishes. Thus 1 S 1 ! 0 as S ! 0, so we expand 1 S 1 in powers of S starting with the rst order term:
where the expansion coe cients a k are functions of temperature. Using this expression in Eq. (40),
By matching coe cients on each side of Eq. (42) 
The procedure for independent variables (T; P) is now clear. We compute the i from Eq. (36), which gives us the K i (Eq. (39)) and subsequently the a k (Eqs. (83)). All temperature-dependent quantities are now determined. Then, from Eqs. (41) and (43),
The equilibrium cluster distribution (37) is completely determined as a function of T and P, enabling one to compute the density from
For independent variables (T; n t ), the temperature-dependent functions are determined in the same manner as above. Then we revert the power series for density. The convenient dimensionless variable (analogous to S) for this purpose is the ratio of the total molecule density to the total cluster density in the saturated state, which we call : := n t n s : (46) In equilibrium, Eqs. (38) and (45) imply that
so we expand 1 S 1 in a power series:
We derive the coe cients d k by simply substituting iK i for K i in Eqs. (83). Expressions for the rst seven d k are given in the Appendix (Eqs. (84)). From Eqs. (43) and (48),
The equilibrium cluster distribution (37) 
In the NIC model, Z = n n t ; (54) with n = P 1 i=1 n i and n t = P 1 i=1 in i , giving Z a simple physical interpretation: It is the reciprocal of the average number of molecules per cluster. Thus Z measures the degree of vapor imperfection. As the density increases, so does the amount of clustering; correspondingly, Z decreases from its ideal vapor limit of 1 and reaches its minimum at the critical point, where the vapor density is maximized.
By equating the cluster series expression (54) for Z to one of the virial series for Z we can derive equations relating the cluster distribution to the virial coe cients. From Eqs. (47) and (41) 
The substance-dependent constants and q o account for contributions to the i-mer free energy from its translational and internal partition functions, and are discussed in detail by Fisher 20 
where := A 1 =kT. At low density and large i, Eq. (62) must approach the classical expression (30) . Taking these limits, S 1 = S, the middle two terms on the righthand side of Eq. (62) become negligible compared to the outer two terms, and the surface energy approaches that of a macroscopic liquid droplet; hence Eq. (62) 
which determines . Given , q o is computed from either Eq. (66) or Eq. (67). Since they are both determined from critical point data, and q o are not independent parameters.
Because the i are left undetermined, Eq. (62) is so far exact, and the free energy problem has essentially been reduced to the determination of the correction factors. To make real progress we therefore need an expression for i . This e ort is simpli ed if the cluster surface free energy de ned in Eq. (62) 
If, for a particular value of T, all of the virial coe cients of the vapor (for either the pressure or density series) are known (as would be possible from knowledge of the intermolecular potential energy 1, 3, 4]), then the dimensionless virial coe cients e B i are directly determined from Eqs. (53) (although their determination from the coe cients of the density series becomes enormously cumbersome with increasing i). Equation (57) gives direct algebraic relations for the saturated equilibrium constants K i in terms of the dimensionless virial coe cients, which then determine the a k in Eqs. (83) Even if the second virial coe cient is known, one cannot calculate 1 or 2 if the saturated vapor at that temperature contains signi cant numbers of trimers and larger clusters, because the free energy of formation of an i-mer depends on the monomer population through S 1 , while the monomer population depends on the total number of (or total number of molecules involved in) all clusters. In general, i depends on all of the virial coe cients, or equivalently the formation energies of all clusters. Dillmann and Meier proposed the following asymptotic expansion for the i , is a result of using the ideal vapor approximation S 1 S too early in the analysis. The revised expression for 2 leads to predicted low density nucleation rates that are generally two to three orders of magnitude higher than before, diminishing agreement with experiment. The error is equivalent to using a value of B 2 that is incorrect by a factor of two. The drastic e ect of this di erence on the nucleation rate indicates the importance of using accurate second virial coe cient data. Because most nucleation experiments are performed at low temperature, where measurement of the second virial coe cient is di cult, one cannot expect fantastic agreement with experiment in this range without either better second virial coe cient data or an improved method for determining the i . (Dillmann and Meier suggested that the method might be inverted at low temperature|one could calculate the value of B 2 necessary to force agreement of theoretical and experimental nucleation rates at low temperature.)
Equations (62), (66) or (67), (68), (71), and (72) are su cient to compute the equilibrium vapor isotherm for any temperature, provided that one knows the critical compressibility Z c , the saturated vapor pressure P s , saturated liquid density n l , surface tension , and second virial coe cient B 2 at that temperature.
In the range of low to intermediate density, one can use Eqs. (73) and (74) to compute the isotherm directly (of course, the cluster series in this case is no more accurate than the second virial equation of state). At high density, where trimers and higher clusters need to be taken into account, it is not possible to compute the correction factors explicitly, because i depends on 1 = P 1 k=1 a k , while a k depends on 1 ; : : :; k , which are determined from 1 ; : : :; k . Instead, the computations must be performed iteratively as follows. For a given temperature T, set 1 equal to its low density approximation, Eq. (58), as a rst guess. Using this value of 1 , compute 1 83). Sum the new a k to obtain a second approximation to 1 and repeat the process. Because the a k always vanish rapidly with increasing k, it is not necessary to retain a large number of terms in the summation in Eq. (43) . We have found that using only a 1 through a 7 is su cient to give a balanced cluster distribution even near the critical point, which is fortunate because of the rapidly increasing complexity of the algebraic relations in Eqs. (83). It rarely takes more than a few iterations to compute all of the correction factors.
Low density nucleation is insensitive to the presence of small clusters|because the vapor is nearly ideal and the critical cluster size is large|and is therefore not a good test of the reliability of Eq. (62) in modeling the formation energies of small clusters. High density nucleation is sensitive to small clusters, but measurement of nucleation rates in this regime is extremely di cult; data is benzene n-hexane n-octane iso-octane PP3 Table 1 : Substance properties. M is the molecular weight; T c is the critical temperature in degrees K; P c is the critical pressure in dyn/cm 2 ; n t;c is the critical density in cm ?3 ; Z c = P c =(n t;c kT c ) is the critical compressibility factor; ! is the Pitzer acentric factor; and and q o are FDM model parameters. The data for benzene, n-hexane, noctane, and iso-octane are taken from Smith and Srivastava 30] ; the data for PP3 are from Thompson et al. 31] .
nearly non-existent. Since the vapor compressibility Z is sensitive to clustering, a comparison of predicted Z to experimental Z is a simple and worthwhile test of the FDM theory.
III. Equation of State Comparisons
The FDM expression (62) for the i-mer formation energy, along with the Dillmann-Meier method of determination of the surface energy correction factors (cf. Eqs. (71) and (72)), lead to an equation of state for vapor based on the NIC theory. In this section, we use this model (as well as its recent modi cation, to be discussed below) to compute the compressibility of saturated vapor Z s , comparing the results to experimental data as well as to the predictions of two equations of state based on corresponding states. We also consider the cluster series prediction of the third virial coe cient.
The substances we investigated are benzene (C 6 H 6 ), n-hexane (C 6 H 14 ), n-octane (C 8 H 18 ), isooctane (C 8 H 18 ), and PP3 (C 8 F 16 ); some thermodynamic data is given in Table 1 . Benzene is of primary importance to the chemical industry, having widespread use in the manufacture of, for example, organic chemicals, resins, nylons, dyes, and detergents 32]. The alkanes n-hexane, n-octane, and iso-octane, by-products of petroleum re ning, are important to the petroleum industry 33]. The chemicals n-hexane and n-octane have applications as solvents 34], while iso-octane (2,2,4-trimethylpentane) is the standard for determining the octane rating of gasoline 33]. PP3 (peruoro-1,3-dimethylcyclohexane) is a highly stable uorocarbon that is useful to the electronics industry 35]. The hydrocarbons are nonpolar; we suspect, but cannot con rm, that PP3 is also nonpolar.
For all of these substances, there are saturation point data covering a wide range of temperature. The temperature-dependent functions P s and n l are taken from tables of experimental data in the following sources: Vargaftik 36] (n-hexane, n-octane, iso-octane), Timmermans 37] (benzene), and Lee et al. 38] (PP3). The second virial coe cient is evaluated using the Tsonopoulos correlation 39] (n-hexane, n-octane, iso-octane, PP3) or an empirical relation 40, 41] (benzene). For the alkanes, we append the general power law form / (T c ?T) 11=9 42] to Vargaftik's data (n-hexane, n-octane) or Jasper's data 43] (iso-octane) to obtain the surface tension over the entire temperature range of interest. For the surface tension of benzene, we use the empirical expression provided by the International Critical Tables 44] , and in the case of PP3, for which surface tension data over a range of temperature was unavailable, we assume the 11/9 power law using the room temperature surface tension 35] as a reference point. To avoid the complication of data table interpolation, we compute Z s only at temperatures that are represented in the tables.
The sources of P s data also give measurements of the saturated vapor density n t;s at the same temperatures, permitting calculation of experimental values of Z s . Because low values of n t are di cult to measure, there is a signi cant loss of accuracy in n t;s at low temperature; in many cases no values are recorded. We use Timmermans' data 37] for iso-octane and benzene because Vargaftik's data 36] appear to be awed|the values of Z s computed from his tables are inconsistent with the second virial coe cient (in the sense that the second virial equation of state Z = 1+B 2 P=kT should overestimate Z s ), and disagree with the measurements in Timmermans, which are consistent.
Equations (36), (37), (45) , and (54) imply the following NIC theory expression for the saturated Compressibility along the saturation curve of n-hexane. The lled circles are experimental data points; the solid curve is the FDM theory; the dashed curve is the BWR24 equation of state with P as independent variable; and the dotted curve is the MSRK equation of state with P as independent variable. vapor compressibility Z s at temperature T:
As n t;s increases with temperature, we expect Z s to be a monotonically decreasing function of temperature, varying from one at the low temperature limit to its minimum of Z c at the critical point.
To make the comparisons more meaningful, we also compute Z s using two equations of state based on corresponding states, namely the modi ed Benedict-Webb-Rubin equation with 24 coefcients (BWR24) 11] and the modi ed Soave-Redlich-Kwong equation (MSRK) 46]. The BWR24 equation is determined from three substance-dependent constants|the critical temperature, acentric factor, and a scaling volume|and its coe cients were correlated with vapor and gas phase PVT data of seven substances, including ve n-alkanes 11]. The MSRK equation is a cubic equation of state that uses four substance-dependent constants|T c , P c , and two statistical parameters which have been computed for a limited set of substances (not including PP3) 46].
Most equations of state, including the BWR24 and MSRK equations, use n t as an independent variable. Not only is P s data more reliable than n t;s data, but Eq. (77) uses P s rather than n t;s . To have a fair comparison, it is desirable to have the corresponding-states equations predict n t;s from P s rather than vice-versa. We accomplish this task by solving numerically Z s = Z cs T; P s (T) kTZ s !
for Z s , where Z cs (T; n t ) is a particular corresponding states expression for the compressibility. Figures 1{4 show Z s as a function of T for benzene, n-hexane, n-octane, and iso-octane, respectively. Each gure shows the graph based on the cluster series (solid curve), the BWR24 equation (dashed curve), and the MSRK equation (dotted curve), as well as experimental data ( lled circles). In the case of benzene (Fig. 1) , the cluster series appears to be marginally better than the corresponding-states equations. Over the range of temperature from 343 to 553 K (where the experimental scatter is not substantial), the rms deviation of the cluster series Z s from the measured Z s is 1.9%, within the reported 2.6% accuracy of the second virial coe cient correlation 40]. The deviations of the BWR24 and MSRK equations over the same range are 3.4% and 3.0%, respectively. For the limited amount of iso-octane data (see Fig. 4 ), all three equations of state are similar; however, the trend appears to slightly favor BWR24 in relation to the cluster series, and the cluster series in relation to MSRK. For the n-alkanes (Figs. 2 and 3) , the cluster series is better than the MSRK equation but not as accurate as the BWR24 equation; for example, the standard deviations for n-octane in the range of 393 to 553 K are 2.9% (cluster), 0.8% (BWR24), and 4.2% (MSRK). Considering that the coe cients of the BWR24 equation are derived in part from PVT data of nalkanes, it is not surprising that the cluster series is not quite as accurate as BWR24 for n-hexane and n-octane. Figure 5 shows Z s vs. T for PP3 vapor, where Z s is computed from the cluster series (solid curve), BWR24 equation of state (dashed curve), and from experimental data ( lled circles). We see that the cluster series is superior to the BWR24 equation, which has poor accuracy, perhaps because PP3 has a high acentric factor 11].
By design, the cluster series gives the correct low density (Z s ! 1+B 0 
The i-mer surface area is now proportional to i at small i, where the exponent is a function of temperature that varies most sharply near the critical temperature. Unfortunately, the empirical coe cient C is not readily available for most substances. Delale and Meier give C = 0:038 for n-nonane, which is an appropriate reference uid for the alkanes (more so for n-octane and n-hexane than iso-octane), and perhaps also for benzene; with this value of C, the Fisher-Dillmann-Meier-Delale (FDMD) free energy, Eq. (79), improves the predictions of Z s for all of the hydrocarbons. Not surprisingly, the improvement is greater for the alkanes than for benzene. Agreement with experiment is reduced in the case of PP3, suggesting that n-nonane is not a proper reference uid for this uorocarbon. Table 2 summarizes our equation of state comparisons. For all of the substances that we have studied, using either free energy model (FDM, Eq. (62), or FDMD, Eq. (79)), we observe that the cluster series accurately predicts Z s from the triple point to the critical point. It is superior to the MSRK equation and more widely applicable than the BWR24 equation. Of course, this analysis has been largely illustrative. To further develop and test this model will require a statistical comparison of compressibility predictions with experiment for more chemicals, over a wider range of thermodynamic states.
Since the cluster series predicts values of the third and higher virial coe cients, it would be nice to have enough experimental data for a thorough check. Unfortunately, experimental measurement of the third and higher virial coe cients of a vapor is extremely di cult. For benzene and n-octane, there are a few measurements of B 3 reported 41, 45], with no uncertainties indicated, although they are implied to be large 45]. In Table 3 we display the experimental data alongside the corresponding predictions of the cluster series. The values of B 3 predicted by the FDM cluster series agree with measurement to within a factor of two; the predictions of the FDMD series are considerably better. In Figure 6 we plot B 3 vs. T for n-octane as predicted by the cluster series with each free energy model. The predicted third virial coe cient shows a characteristic peak at high temperature, in agreement with theory 4]. The graph of B 3 vs. T has a similar shape for the other substances. The FDMD model, as compared to the FDM model, has the desired e ect of slightly shifting the peak to higher temperature. The potential for predicting the third virial coe cient using the cluster series appears to be very good.
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CONCLUSION
We have presented a scheme to predict the properties of imperfect vapor based on the theory of noninteracting clusters (NIC). Using the Fisher-Dillmann-Meier model for the formation energies G i 18, 19] , we derived an equation of state for equilibrium vapor and tested it by computing the saturated vapor compressibility and comparing the results to experimental data, obtaining strong agreement along the entire saturation curves of benzene, n-hexane, n-octane, iso-octane, and PP3. The cluster series is comparable to and more consistently accurate than modi ed versions of the Benedict-Webb-Rubin and Soave-Redlich-Kwong equations of state. Utilizing the direct correspondence of the cluster series with the virial equation of state, we computed the third virial coe cient, observing correct qualitative behavior and, where data was available, rough agreement with experiment. The equation of state derived from the Delale-Meier modi cation of the FDM model is even more precise, provided that an acceptable value of the empirical parameter C is available. Dillmann and Meier applied their model only to low density nucleation studies; hence their claim of correctly describing the formation energies of small clusters was never tested. We have demonstrated that their model for small clusters gives an accurate equation of state for real vapor.
The cluster series has a number of advantages, some general and some particular to the FDM model:
1. The computation of the cluster distribution, though it involves tedious algebraic expressions, is straightforward and is easily programmed on any computer, providing immediate quantitative results. 2. The NIC theory essentially reduces the equation of state problem to the determination of the G i . Theoretical insight into the structure of microclusters can lead to further simpli cations; for example, Dillmann and Meier used Fisher's droplet model to narrow the cluster formation energy problem to the determination of the surface energy correction factors i , and used results of studies of the surface energy of microclusters to derive an asymptotic expression for the i . 3. The NIC theory both complements and readily accommodates results of more detailed calculations of G i (e.g., Monte Carlo 5, 47, 48] or molecular dynamics 15] simulations). One could use such calculations as a basis for deriving semiphenomenological expressions for G i , or one could develop an e cient check of G i computations by studying the behavior of the derived equation of state. An equation of state derived from a cluster distribution provides considerably more insight into the behavior of real vapor than one based on corresponding states. 4. Because the equation of state that we have studied has a solid theoretical foundation, it is likely to be applicable to a wider class of substances than a corresponding-states equation. 5. Few equations of state can accurately predict vapor properties over a wide range of temperature and density. We have seen that the cluster distribution based on the FDM model accurately predicts the saturated vapor compressibility from the triple point to the critical point|the entire temperature range of vapor. 6. The equilibrium cluster distribution provides evaporation rates for a conventional (detailed balance) kinetic theory of homogeneous nucleation and condensation in imperfect vapor 14, 16] . Furthermore, if the vapor is not too highly supersaturated, one can continue the cluster series past the saturation point, to approximate the properties of metastable vapor, by truncating the summations after enough terms to count a su cient number of clusters, but substantially before the critical cluster size. This feature is one that no non-virial equation of state possesses. The cluster series has the disadvantage of requiring temperature-dependent functions as well as critical point data for input. However, highly accurate data is not as crucial to equation of state studies as it is in homogeneous nucleation theory (where the nucleation rate is exponentially sensitive to small changes in parameters such as or P s ). Critical point data is required for the use of practically any equation of state. For the prediction of PVT properties, the saturated vapor pressure should be known with some accuracy; fortunately, it is an easily measured property that is available for a large number of vapors. If liquid density, surface tension, or second virial coe cient data is unavailable, corresponding-states correlations 39, 42, 49] are adequate, at least for nonpolar uids. Also, the NIC theory is not applicable to gases (T > T c ).
Issues for further investigation are: 1. The equation of state derived from the FDM theory should be tested for a wider variety of substances. The vapors that we examined (with the possible exception of PP3) are all nonpolar; the applicability of the cluster series to polar substances should be determined. 2. The cluster series should be tested over a larger range of density, not just along the saturation curve as we have done here. 3. The determination of the surface energy correction factors is a crucial element of the FDM theory that should be studied in more detail. In particular, if one can develop an expression for i which does not rely on the second virial coe cient as input data, one can use the model to predict the second virial coe cient. 4. The FDM expression (62) is obviously not the only possible form for G i . While theories of G i that have been proposed in the past have been primarily for low density homogeneous nucleation and so have been invalid at small i, the exceptions should be tested by equation of state comparison. We also suggest that one might develop new models for G i from a more phenomenological approach (in the same spirit as equation of state development) rather than from the rst principles methods that have typically been employed; a successful model for G i (such as that of Fisher, Dillmann, and Meier) would likely be a combination of these two approaches. 
etc.
